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—— prior, p(¢ | x) —— likelihood, p(y | x, §) —— posterior, p(¢ | D)

prior)2 AtE 2 X (posterior) 2 YH|0|E

Figure: Example of prior, likelihood, and posterior in Bayesian inference
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Bayes H2|: 31X Ho|

p(2 | 0)- p0)
0| D)= ———
pO192) D)
c 0 FHSIH=E R EE
- 9: #& 0loH
p0): AP £ (Prior)
p(2 | 0): R &= (Likelihood)
p(0| D): A= B (Posterior)
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Hjo| x|t =E2f X2t

—— prior, p(¢ | x) —— likelihood, p(y | x, ¢)

—— posterior, p(¢ | D)

Figure: Example of prior, likelihood, and posterior in Bayesian inference
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1. 27| 2= HI0IH @y = {(x, f(x))IL,

2. =& RH sh& (0f: Gaussian Process)

3. S & a(x) ALt

4. 2 "It XA x4, = argmax, a(x)

5. f(x11) B7t = 9,0 F7t

6. 8 =7 MtEStH Z=, OfL|H “StE7THA 2 Sotzt
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GPE Heisl=7|

f(x) ~ P (m(x), k(x, x"))

) = EfG0): B 84
« k(x,x") = Cov(f(x), f(x")): 2L &4 (HE)

. Qlojo| olad Tt {x,, ..., x,}0ll CHaH:

f=[fGa), .. fGD]T ~ H (LK)
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HEXS Y S5

- RBF (Radial Basis Function) / Gaussian kernel

Ix - x’||2>

k(x,x’) =c?exp|—
(x,x") p( pyo

- RBF7{'22| mz}0|E
« ok BY 2
£: 20| M= (length-scale)
« Linear, polynomial, periodic HEEE A2
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CHEXCQI 7{d S¢S
- Matérn kernel

C(XX,):GZ'E(@'M)VK (@u)
VA F(V) p Vv p s

* I'(v) is the gamma function
+ K, is the modified Bessel function of the second kind
« Parameters: p, v, o*

v =1/ (311) v =3/2(313) v =5/2,(3.14)

Figure: Matérn 7'22| I2}t0|Ef v: 157t6HH SHHMN D|27ts8t £XI7F S0{tCt
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p(x,) = k(x, X)IK + oIy
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o2(x,) = k(x,, x,.) — k(x,., X)[K + 02117 k(X, x,.)
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0I5 2o’ (x,)2] 2o

Uz(x*) = k(x*, x*) - k(x*’ X)[K + oﬁ[]_lk(X, x*)
(A (B)

© %7t BEHI IS4 2AM2 FOLY

- BIO[EI7} gl FHolM s Eetago| 2

- EFMO| BOT YOS Aot O AIST 4 9IS
GP Of| = .At0f CH3t 8] =12t

o?(x,) = “LITHE Kb 2 X[ (A)0l M 2K 2HZ0]| 2ol =E &l 2 1HB)E e 27
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GP Al 0fl % AjZtst

e observations =~ —— posterior mean posterior 95% credible interval ~—— samples

- HIOJE = SHU| M= Ll=|F2to] 11, ofd U2 S
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e observations =~ —— posterior mean posterior 95% credible interval
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e 0| = W Xtofoil CHSt Al Zfst

Heteroscedasticet 0| = BHZI T Jt5!

e observations posterior 95% credible interval, y

posterior mean posterior 95% credible interval, ¢

« xZt0| HX|H LLO| =7} HX|= heteroscedasticity A&t
o ObEEAM: olE B u(x)

-1 O L=

« DX FH: 95% M7 (= T2BEHA)
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0| = W Xtofoil CHSt Al Zf=t

Heavy tail =O|= RHIZ & 7ts! (O|HA|H 22| GP7t &l ELIC})

o observations —— objective —— mean, Gaussian noise 95% credible interval, Gaussian noise

- GP7t =H3H 0| ZLW#0| AX| 2Lt heavy-tailed outlierS0f| o 2 F&2 &S
« GPOICt 27IE £7}8[1320{0f robustnessE €2 4= U2 (SHXI2HOHE X low
noiseZt & £3!)
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6. 215 &% (Acquisition Function)
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Xnext = argmax a(x)
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e observations =~ —— posterior mean posterior 95% credible interval ~ —— samples

TN

—— acquisition function v next observation location

A\

Figure: GP regressionz acquisition function, % 33=0{ J2{ Q& LICH
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2| X2k Ciy| ek42F (Improvement)

2H: SRR BSE HHZE fioq HH, MZE & 27t OILE T LI2X| A5

ot

Al 8% (Improvement Function):

I(x) = max(f(x) = fpest. 0)
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Pl (Probability of Improvement): &AX| &g} 7|4t
El (Expected Improvement): SHAHX|Q| 7|CHZ} 7|Ht
KG (Knowledge Gradient): X|&] ZALZf 7|¢t

UCB (Upper Confidence Bound): 212 27tZ} 7|t
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Probability of Improvement (PI)

=
f
A

ESICHH ) XX 2E 70| FAHE! 2HE(Probability of Improvement)27?

— p(x)
PI) =P |  f(x)> foest =1_¢(ﬁoesc§TM)
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Probability of Improvement (PI) [1]

& 2= (Probability of Improvement)2?

Jbest = H(x) —€
PI) =P | f(x) > foest —€ | = _¢(ﬁT
£5| gEzto| 2aE
« e>0: M HEEE XH-SH= SH0|HI20|E (cf. slack parameter in SVM)
o BMo(x)0] LF
C

HO2tE, 7t =F e 3H MEts
oH: e= OB 2H3MOF 5HX|?
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Probability of Improvement (PI) [1] AlZte}

/R*/L

—— probability of improvement, ap; (& = 0) v next observation location

apy (6 =0.1) /\
ap (e =1) A M
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Expected Improvement (El) [1]

Kl

SIS R

— B =

2
fi
A

b= 2r eabX| o] Z|cHZ} (Expected Improvement)2 &0f?

r

El(x) = E [max (0, fpest — f())]
s f()ZtEAEEE ELH (e, f(x) ~ A (u(x), 0(x))), closed form A At7ts:
El(x) = (fpest — H(x))P(2) + a(x)¢p(2)

.= Jbest = #(x)
o(x)
« ®: standard normal CDF, ¢: standard normal PDF

@@@@ July 2, 2025 On Bayesian Optimization 50 ”I”HI”I“I""
R AIML@K


https://creativecommons.org/licenses/by-nc-nd/4.0/deed.en
https://aiml-k.github.io

Expected Improvement (El) [1] A|Zts}

w

v

—— expected improvement, arg; v next observation locaﬁon/\M
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Upper Confidence Bound (UCB) [2]

r

- EEh f(x)2 7ICHol, EETALS
A A

HALS 22 RIJAR X71510 12 1S 2
- A B 2 A| R M

Flo2l W o & )2l EEHXL O &K
UCB(x) = u(x) +K - o(x)

k> 0: S}O|IIf2tO|E, I A MHSIH EMS O M
+ 212l multi-armed bandit 0| A AL E|H 7HE
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Upper Confidence Bound (UCB) [2] MZt&l

/R/L

—— upper confidence bound, aycg (7 = 0.8) v next observation location

Al
. AD

—— aycs (1 =0.999)

A 4 e
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7. GP7|t2] Bayesian Optimization
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GPBO Mi| 2

E7|HIOIE 2y = {(x;, f(x))}
o8 A o5 (GP)
elSe a(x) ALt

= "I ., = arg max a(x)
F(a41) HWit= D41 A
=8 T UE AR =

oA W
M
n
0
0
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